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Abstract
A recently introduced approach for the dynamical analysis and quantization of
field theoretical models with second class constraints is ilustrated applied to lin-
earized gravity in 3-D. The canonical structure of two different models of linerized
gravity in 3-D, the intermediate and the self dual models, is discussed in detail.
It is shown that the first order self dual model whose constraints are all second
class may be regarded as a gauge fixed version of the second order gauge invari-
ant intermediate model. In particular it is shown how to construct the gauge
invariant hamiltonian of the intermediate model starting from the one of the self
dual model. The relation with the t opologically massive linearized gravity is also
discussed.
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I. Introduction
The dynamical analysis and quantization of constrained systems [1] has been
actively studied for many years, but still presents unsolved problems which repre-
sent serious obstacles to extract the physical content of different models. Some of
these problems emerged from the very involved, and sometimes bizarre constraint
structure of some of the systems of physical interest. But some others are of a
very fundamental nature and relate with the basis of our understanding of, for
example, what is a gauge symmetry. This is the case with the very old problem of
the quantization of systems with infinitely many degrees of freedom and second
class constraints [1]. For these systems at odds with what occurs when there
are only a finite number of degrees of freedom the Dirac Bracket construction
in the operational approach or the Senjanovic-Fradkin path integral [2] does not
represent a practical solution in most of the cases. The reason is that in general,
as occurs for example in Superparticle and Superstring models [3], the inversion
of the Poisson Bracket matrix of the constraints leads to non-local cumbersome
expressions. After the development of the Batalin, Fradkin and Vilkoviski (BFV)
method [4] for models with first class constraints, one natural approach to follow
for second class systems is to search for an associate canonically equivalent model,
with only first class constraints. This idea was explored in some recent papers
which addresed this problem [5][6][7][8].
In Ref. [5], a method was presented for the construction of an enlarged phase
space where the original second class constraints have first class counterparts. The
associated BRST charge in the enlarged phase space, in terms of an auxiliary
operator algebra was also discussed. In Ref. [6] some of the ideas of Ref. [5] were
developed further leading to a much simpler formulation of the associate first
class model in the enlarged phase space. Some aspects of the reduction to the
original degrees of freedom were cleared up and in particular the equivalence of
the original and enlarged models in the path integral formalism was established.
Applied to the Casalbuoni-Brink-Schwarz superparticle this allow a canonical
covariant construction of the BRST operator [6].
In Ref. [7] and [8] a somewhat more direct approach for this problem was
presented. There, a caraterization of the models with second class constraints,
which can be viewed as gauge fixed versions of gauge invariant systems was tried.
If one can identify, out of the original second class constraints θi , a constraint
ϕ with vanishing Poisson bracket with itself and with all the other constraints
but one (say χ) one observe that the Senjanovic-Fradkin [2] measure split in the
form:
0 6= det{θi, θi}
1/2
= det{ϕ, χ}det{ψi, ψj}
1/2
(1.1)
Here ψi stand for the remaining constraints. This is the measure adequate for
a gauge theory with gauge transformations generated by ϕ , and gauge fixing
condition χ subjected to the original second class constraints ψj . It remains to
find the corresponding gauge invariant hamiltonian. This also can be done but it
turns out that at this point non-local terms may reappear.
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This approach may be of interest also for second class models for which the
Poisson matrix may be handle without much trouble, since it may shed light
on their underlying structure. This is the case with self dual and topologically
massive electrodynamics in 3-D and with the various models of linearized massive
gravity available in 3-D which we will discuss in this paper. All these models
and many other field theories in 3-D have been studied intensively in recent
years [9][10][11][12][13][14]. The linearized topologically massive model (TMM)
[9] which is a gauge invariant model is known to have the same spectrum and
in this sense to be equivalent to two other models in 3-D. These are the self-
dual model (SDM) and the so called intermediate model (IM) [10][11]. The IM
corresponds also to the linearization of the curved Vector Chern-Simons gravity
action [12]. Both of them have second class constraints. Moreover they are
respectively first order and second order in space-time derivates at the time that
(TMM) is third order. Finally the IM presents a reduced gauge symmetry respect
to the (TMM) and the (SDM) have no gauge symmetry at all. In Ref. [10] the
three actions were shown to be deducible covariantly from a unique master action.
Although indicative this fact does not established the canonical equivalence of the
systems. There exists examples of systems connected in such fashion which are
not equivalent [15]. In this paper we demostrate the canonical equivalence of the
(SDM) and the (IM). We show that the (IM) is a gauge theory associated to the
(SDM) and we construct explicitly, using the methods presented in Ref. [8], the
gauge invariant hamiltonian of the former starting from the hamiltonian of the
latter.
Before enter these matters, let us return to our discussion of the determina-
tion of the gauge theory associated to a system with second class constraints [8].
To consider a slightly more general case suppose that we have a system subjected
to constraints
ϕi(p, q) = 0 i = 1, · · ·N (1.2a)
χi(p, q) = 0 i = 1, · · ·N (1.2b)
ψj(p, q) = 0 j = 1, · · ·2M (1.2c)
satisfying
{ϕi, ϕj} = Cij
kϕk (1.3a)
{ϕi, ψj} = Dij
kϕk (1.3b)
det{ϕi, χj} 6= 0 (1.3c)
Then (1) generalize in the obvious way with the ϕi the first class constraints,
χi the gauge fixing conditions and ψj the truly second class constraints. Let H0
be the hamiltonian of the system. The associated gauge invariant hamiltonian
must be of the form [8]:
H˜ = H0 + α
iϕi + βiχ
i + βjkχ
jχk + βjklχ
jχkχl + · · · (1.4)
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over the manifold defined by (1.2c) The coefficients in this expansions are deter-
mined by the condition
{H˜, ϕi} = Vi
iϕj (1.5)
and are of the form [8]
βj = −{χ
j , ϕi}
−1{H0, ϕi}
2βjk = −{χ
k, ϕi}
−1{βj , ϕi}
3βjkl = −{χ
l, ϕi}
−1{βjk, ϕi}
...
Vj
i = −{αj , ϕi}+ α
jC
j
ki (1.6)
A similar construction allows to obtain a gauge invariant version of any
object in the theory. The appearence of the factor {χj , ϕi}
−1
in (1.6) implies as
mentioned that this approach may also have problems with non-localities.
II. Self dual and topollogically massive spin 1 in 3-D
To motivate our presentation to the spin 2 models in section III let us review
briefly in this section the case of the spin 1 as discussed in Ref. [8]. In (2 + 1)D
massive spin one exitations may be described by the self dual or the topologically
massive models defined respectively by
SSD =
m
2
< mBµB
µ − εµαρBµ∂αBρ > (2.1)
STM =
1
2
< −FµF
µ +mFµAµ > ; F
µ = εµαρ∂αAρ (2.2)
For the self-dual model B0 is a Lagrange multiplier. Replacing the associated
constraint one has:
HSD0 =<
m2
2
BiBi +
1
2
(εij∂iBj)
2 > (2.3a)
Pi = −
m
2
εikBk (2.3b)
The second class constraints (2.3b) may be replaced by the following rota-
tionally invariant ones:
ϕ = ∂iPi +
m
2
εik∂iBk ≃ 0 (2.4a)
χ = −εij∂iPj +
m
2
∂kBk ≃ 0 (2.4b)
Imposing canonical Poisson brackets for Pj and Bk we have
{ϕ(x), χ(y)} = −m∂xj ∂
y
j δ
2(x− y) (2.5)
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We identify ϕ(x) as the generator of the gauge transformations and χ(x) as
the gauge fixing condition. The gauge invariant hamiltonian is
H˜ = HSD0 + < β1(x, z1)χ(z1) > + < β2(x1, z1, z2)χ(z1)χ(z2) > + < α(x)ϕ(x) > (2.6)
From (1.6) we have
β1(x1, z1) = mK(x1 − z1)∂iBi(x1) (2.7a)
β2(x1, z1, z2) = −
1
2
K(x1 − z2)δ
2(x1 − z1) (2.7b)
where
∆xK(x) = −δ2(x) (2.8)
Using the transverse + longitudinal (T+L) decomposition
Bi(x) = ∂iB
L + εij∂jB
T (2.9)
in (2.6) we get the family of gauge invariant hamiltonians
H˜ = HSD0 + <
3m2
4
BL∆BL +
m
2
BL∆PT −
1
2
PT∆PT > + < α(x)ϕ(x) > (2.10)
If one choose
α = −
3m
4
BT −
1
2
PL (2.11)
we get finally
H˜ = HTM =
1
2
PkPk +
1
2
εijPjBi +
m2
8
BkBk +
1
2
(εij∂iBj)
2 (2.12)
This hamiltonian is local and is exactly the one of the topologically massive model
(2.2) (see [16] for example) and hence, this construction shows the canonical
equivalence of the two spin one models.
III. The self dual and the intermediate actions for spin 2 in 3-D
In this section applying the methods described in the previous ones we es-
tablish the canonical equivalence between the IM and the SDM. The action for
the IM is given by:
SI =
1
2
< εναβ∂αhβρε
ρµσ∂µhαν > −
1
4
< (εαβγ∂βhγα)
2 > +
m
2
< hρσε
ρµν∂µh
σ
ν > (3.1)
where hαβ is an arbitrary second rank tensor. This action is invariant under the
transformations
δhαβ = ∂αξβ (3.2)
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Let piij be the conjugate momenta to hij . We introduce the decompositions
hij = εij ĥ+ h
s
ij , h
s
ij = h
s
ji (3.3a)
piij =
1
2
εijpi + pi
s
ij , pi
s
ij = pi
s
ji (3.3b)
(we use ηij = (+−−), ε
012 = 1, εij = ε0ij ). In general a superscript s will denote
a spatial symmetric tensor.
Using these variables one can shown easily that the action does not depends
on h˙00 ,
˙̂
h and h˙0j and depends lineary on h˙l0 . Hence the system is subject to
the primary constraints
pi00 ≈ 0, pi0j ≈ 0, (3.4)
pi ≈ 0 (3.5a)
Ωl ≡ −εlkεij∂ih
s
jk −
m
2
εlihi0 + pil0 ≈ 0 (3.5b)
Imposing the conservation of (3.4) and (3.5) since h00 , ĥ and h0j are la-
grange multipliers, generate the secondary constraints
θ0 ≡ εijεkl∂l∂ih
s
jk −mεij∂ihj0 ≈ 0 (3.6a)
θk ≡ −∂jpi
s
jk −
3m
4
εjl∂lh
s
jk +
m
4
εjk∂lh
s
jl +
1
2
εlkεij∂i∂lhj0 ≈ 0 (3.6b)
ψ ≡ 2mĥ− pill ≈ 0 (3.7)
Inspection of the Poisson matrix of the constraints shows that there are three
first class constraints given by
Θ0 = θ − ∂iΩi = −∂ipii0 −
m
2
εij∂ihj0 (3.8a)
Θk = θk +
1
2
εkl∂lpi (3.8b)
which we take instead of (3.6). Equations (3.4), (3.5), (3.6b), (3.7) and (3.8) give
the complete set of constraints of the systems. The constraints (3.4) are first
class and appear, to allow writing the action in a covariant manner. They are
analogous to pi0 ≈ 0 in electrodynamics. pi,Ωl and ψ are second class constraints.
ΘA (A = 0, 1, 2) as stated above are first class and are the truly gauge generators
of the model. The 18-dimensional phase space is then reduced by 4 second class
constraints, 6 first class constraints are 6 gauge fixing conditions, to the 2 degrees
of freedom needed to describe the single exitation of the system.
After substituting the constraints, the hamiltonian for this model is given
by:
HI =<−
1
4
εij∂ihj0εkl∂khl0 −
m2
16
εikεjlh
s
ijh
s
kl +
m2
16
hsijh
s
ij
−
m
2
εijh
s
ikpi
s
jk −
1
4
εikεjlpi
s
ijpi
s
kl +
1
4
pisijpi
s
ij > (3.9)
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The gauge transformation laws for hj0 and h
s
ij are easily obtained and take the
expected form
δhj0 =
∫
d2x{hj0, ξA(x)ΘA(x)} = ∂jξ0 (3.10a)
δhij =
∫
d2x{hij , ξA(x)ΘA(x)} =
1
2
(∂iξj + ∂jξi) (3.10b)
δĥ =
∫
d2x{ĥ, ξA(x)ΘA(x)} =
1
2
εij∂iξj (3.10c)
Let us turn to the SDM. It is defined by the action
SSD =< −
m
2
εαβγWαρ∂βW
ρ
γ −
m2
2
(WµνW
νµ −W ρρW
σ
σ ) > (3.11)
in terms of the second rank tensor Wµα . Let Pµα be the conjugate momenta.
We define the symmetric and antisymmetric components of Wij and Pij as in
(3.3). Since (3.11) is first order in time derivates it is not possible to resolve the
momenta in terms of the velocities. There appear nine primary constraints, one
associated to each momenta. We have
ϕsij ≡ P
s
ij −
m
4
(εikW
s
kj + εkjW
s
ki) +mδijŴ ≈ 0 (3.12a)
P̂ ≈ 0 (3.12b)
ϕi ≡ Pi0 +
m
2
εijWj0 ≈ 0 (3.12c)
P00 ≈ 0 ≈ P0j (3.13)
The constraints (3.13) are first class and so they can be used to remove six
degrees of freedom. Conservation of (3.13) led to the secondary constraints
ζ ≡ mW sll + εij∂iWj0 ≈ 0 (3.14)
ζk = mWk0 + εij∂iW
s
jk − ∂kŴ ≈ 0 (3.15)
This gives twelve constraints and three gauge fixing conditions restricting the
18 dimensional phase space. Looking for terciary constraints one verifies that
conservation of
λ ≡ P̂ + ζ −
∂iϕi
m
(3.16)
which we take instead of ζ implies the last constraint
Ŵ ≈ 0 (3.17)
The hamiltonian for the SDM is simply
HSD =<
m2
2
W sijW
s
ij −
m2
2
W sllW
s
jj > (3.18)
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The momenta P0j and P00 and the lagrange multipliers W00 and W0j play
in this model the same role that pioj , pi00 , h00 and h0j in the IM and we have
not to be worried further about them. Eq. (3.12b) and (3.17) set the canonically
conjugate pair (P̂ , Ŵ ) to zero. We verify explicitly that ϕsij , P̂ , ϕi , and λ are
second class. To show the canonical equivalence of the SDM and the IM our
strategy in what follows consists of: i) To recognize in the set of constraints
of the SDM ((3.12), (3.13), (3.14), (3.15) and (3.17)) the first and second class
constraints of the IM ((3.5), (3.6b), (3.7), (3.8)), ii) To relate the remaining
constraints of the SDM with gauge fixing conditions in the IM and iii) To show
that the gauge invariant hamiltonian of the IM may be written in the form given
schematically by (1.4).
Using (3.17) the first class constraints (3.8) of the IM may be recovered in
the form
Θ0|h=W ; pi=P = −∂iϕi (3.19a)
Θk|h=W ; pi=P = −∂jϕ
s
kj −
1
2m
εkj∂j(∂lϕl +mλ− 2mP̂ ) +m∂iŴ
(3.19b)
The second class constraints (3.5) and (3.7) of the IM, in turn, may be
reconstructed in the form:
P̂ |h=W ; pi=P = P̂ (3.20a)
Ωi|h=W ; pi=P = ϕi − εij∂iŴ (3.20b)
ψ|h=W ; pi=P = 4mW˜ − ϕll (3.20c)
This completes the reconstruction of the constraints of the IM. The physical
sub-manifold of the SDM may be then described by (3.19), (3.20) and a set of
three other independent constraints also constructed by combinations of ϕsij , P̂ ,
ϕi , ζk , λ and Ŵ which are to be interpreted as gauge fixing conditions asociated
to (3.19). We are free to choose any such set with the only requirement of being
independent of (3.19) and (3.20). It can be seen that this independent set is
expanded by λ , ϕii and εij ∂i ϕj . Good choices χA for this gauge fixing
conditions are
χ0 = εij∂iϕj +
1
4m
∆ϕii (3.21)
χi = −∂iλ+
1
2
εij∂jϕkk (3.22)
They satisfy
{χA(x), θB(y)} = mδAB∂
x
j ∂
y
j δ(x− y) (3.23)
in analogy with the vectorial case (2.5).
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Let us discuss now the relation between HI and HSD . An explicit compu-
tation shows that on the manifold defined by (3.19), (3.20), (3.21) and (3.22) we
have
HI |h=W ; pi=P = H
SD (3.24)
Equation (3.24) is a necessary condition for HI to have the structure given
by (1.4). To complete the proof of the canonical equivalence between the SDM
and the IM let us compute explicitly the coefficients in the expansion (1.4). which
in this case simplify to
HI = HSD+ < αAΘA + αP P̂ + αψψ + αiΩi >
+ < βAχA > + < βABχAχB > (3.25)
Here no additional terms are needed because the hamiltonian is quadratic in
the fields. Then, following the general method described in the introduction, we
obtain
β0(x, z) = 0 (3.26)
βk(x, z) = −µk(x− z)(εklεij∂iW
(s)
jl (3.27)
and the only non vanishing βAB is
βkl(x, z1, z2) = −
1
4
K(x− z1)εki∂
z2
i εlj∂
z2
j K(z2 − z1) (3.28)
From (3.9),(3.18) and (3.25) one can compute the expression for the α ’s. This
can be done for example factorizing the constraints in (3.9) and comparing with
(3.18). Then one can see that the β ’s appear naturally and we obtain:
< αAΘA + αP P̂ + αψψ + αiΩi >=
< Θi(−∆)
−1[∂iPkk − ∂kPki −
1
2
εik∂kP̂ −
m
4
εkl∂kWli+
−
3m
4
εik∂kWll −
1
2
(∆δik − ∂i∂k)Wk0]+
+ Θ0[
1
2m
P̂ + (−∆)−1(δkl∆− ∂k∂l)Wkl]+
+ ψ[−
3
16
Pii −
m
8
Ŵ −
m
2
(−∆)−1εik∂i∂lWlk]+
+ P̂ [
1
2m
∂iPi0 +
1
4
P̂ −
1
4
εik∂iWk0 + 2m(−∆)
−1(∆δik − ∂i∂k)Wik] >
(3.29)
Introducing (3.29) in (3.25) we have an identity which establishes the canonical
equivalence of SDM and IM and our interpretation of the SDM as an explicitely
covariant gauge fixed version of the IM.
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IV The full gauge invariant extension for HI
In the last section, there were 4 second class constraints, represented by ψ ,
pi and Ωl ((3.5), (3.7)), that did not play any role in the proof of the canonical
equivalence between the SDM and the IM . They could be used, futher, to
obtain a full gauge invariant form of HI , and expedite the construction of the
effective action for the IM , and consequently for SDM .
Let us rename and redefine this set of constraints as
Θ3 ≡ ∆pi (4.1,a)
Θ4 ≡ ∂iΩi = ∂ipii0 −
m
2
εij∂ihj0 − (δij∆− ∂i∂j)hij (4.1,b)
χ3 ≡
1
2
ψ −
1
2m
εij∂iΩj = m
2ĥ−
1
2
pi
(s)
ii −
1
2m
εij∂ipij −
1
2m
εij∂i∂kh
(s)
kj −
1
4
∂ihi0
(4.1,c)
χ4 ≡ −εij∂iωj = −εij∂ipij0 −
m
2
∂ihi0 − εij∂i∂khjk (4.1,d)
where we are sugesting to take Θ3 and Θ4 as first class constraints and the χ ’s
as gauge fixing conditions. Their Poisson matrix is
{ΘA′(x),ΘB′(y)} = mδA′B′∂
x
j ∂
y
j δ(x− y) (4.2)
Let H˜I be the full gauge invariant form of HI . Like in (1.4) we impose that
H˜I = HI+ < αA′ΘA′ > + < βA′χA′ > + < βA′B′χA′χB′ > (4.3)
where A′ = 3, 4. Following the same procedure presented, we obtain
β3(x, z) = 0 (4.4,a)
β4(x, z) =
1
m
K(x− z)[(δij∆− ∂i∂j)piij(x) +
1
2
∆xpiii(x) +
m
2
εij∂i∂khkj(x)]
(4.4,b)
β33(x1, z1, z2) = β34(x1z1, z2) = β43(x1z1, z2) = 0 (4.4,c)
β44(x1, z1, z2) =
−1
4m2
δ(x− z1)δ(x− z2) (4.4,d)
As we pointed out before the α ’s in (1.4), (3.24) and (4.3) remain unfixed.
For a particular choice they may give a canonical connection with the TMM.
Nevertheless since this model is written in terms of third derivatives its canonical
structure should be analyzed with special care [17] in order to establish such
equivalence. This would be done elsewhere [18].
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